We have developed a theory that unifies the analysis of the modal properties of surface-emitting chirped circular grating lasers. This theory is based on solving the resonance conditions which involve two types of reflectivities of chirped circular gratings. This approach is shown to be in agreement with previous derivations which use the characteristic equations. Utilizing this unified analysis, we obtain the modal properties of circular DFB, disk-, and ring-Bragg resonator lasers. We also compare the threshold gain, single mode range, quality factor, emission efficiency, and modal area of these types of circular grating lasers. It is demonstrated that, under similar conditions, disk Bragg resonator lasers have the highest quality factor, the highest emission efficiency, and the smallest modal area, indicating their suitability in low-threshold, high-efficiency, ultracompact laser design, while ring Bragg resonator lasers have a large single mode range, high emission efficiency, and large modal area, indicating their suitability for high-efficiency, large-area, high-power applications. 
Introduction
Grating coupled surface emitting lasers have attracted considerable attention over the past decade due to features such as single-mode operation and the potential for on-chip 2D laser array integration with applications in coherent beam combination [1] [2] [3] [4] [5] [6] . Among the various grating coupled schemes, circular grating lasers with large emission apertures possess the additional advantage of producing circularly-symmetric, narrow-divergence laser beams, making them convenient for coupling to fibers [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In such lasers, the grating serves two purposes: confining the in-plane fields to form a radial resonator and secondly acting as a broadside output coupler. Due to the inherent high values of Q/V (Q, quality factor of resonator mode; V, modal volume), these resonators are excellent candidates for lowthreshold, single-mode operation taking advantage of the large Purcell effect [27] .
In conventional circular resonators, Q and V are related due to the "bending loss" problem where smaller radii lead to increased radiation losses [28] . To break this linkage, we proposed a novel type of annular resonator based on radial Bragg reflection [29, 30] . Devices implementing this design have demonstrated both a low threshold and a small modal volume [23, 24] . A comprehensive coupled-mode theory, including the effects of vertical radiation, on the threshold gain and emission efficiency of such circular grating lasers has been derived and used for analyzing disk type Bragg resonator lasers [31] and ring type Bragg resonator lasers [32] . The threshold gains were obtained by solving characteristic equations. However, the complexity of the characteristic equations rendered them difficult to analyze and interpret intuitively. Moreover, though the circular DFB, disk-, and ring-Bragg resonator lasers all belong to the family of circular grating lasers, they were not comparable because the analyses used to treat them were not directly related. In this paper we present a unified analysis and discussion of the aforementioned types of circular grating lasers, and compare the threshold gain, single mode range, quality factor, emission efficiency, and modal area, of these devices.
This paper is structured in the following manner: In Section 2, the coupled-wave equations are solved obtaining two different reflectivities for the chirped circular Bragg gratings under two typical boundary conditions of circular geometry. In Section 3, the two types of reflectivities are employed to derive the resonance conditions, with which the resonant modes of circular DFB, disk-, and ring-Bragg resonator lasers are then numerically obtained. In Section 4, the threshold gains, single mode ranges, quality factors, emission efficiencies, and modal areas of these structures are calculated, compared, and discussed. Section 5 is a summary of these results. Fig. 1 are three configurations of circular grating lasers: (a) Circular DFB lasers, in which the grating extends from the center to the exterior boundary x b . (b) Disk Bragg resonator lasers, in which a center disk is surrounded by a radial Bragg grating extending from x 0 to x b . (c) Ring Bragg resonator lasers, in which a circumferential defect is surrounded by inner and outer gratings on both sides. The inner grating extends from the center to x L while the outer from x R to x b . As detailed in [29] and [30] , in order to optimally interact with the optical fields, the gratings have to be designed to match the phase of the modal fields. The eigenmodes of the wave equation in cylindrical coordinates, the Bessel functions, have nonperiodic zeros, yielding a radial chirp modulation of the refractive index, i.e., chirped gratings.
Reflectivities of chirped circular Bragg gratings
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In [31] we derived a comprehensive coupled-mode theory, by including the effect of resonant vertical radiation, to analyze such chirped circular grating structures in active media. Using the Green's function method, the effect of vertical radiation is incorporated into the coupled in-plane wave equations, and a set of evolution equations for the amplitudes of the inplane waves is obtained:
where A and B are the amplitudes of the in-plane outward-and inward-propagating cylindrical waves, respectively. x is the normalized radius x=βρ. 
the generic solutions of which are
where S is defined as
» is a constant to be determined by specific boundary conditions, and L is a normalized length parameter.
Next we consider two types of boundary conditions to obtain the field reflectivity in each case. 
2. The grating extends from x=x 0 to x=L. An outward propagating wave with amplitude A(x 0 ) impinges from inside on the grating. Since there is no inward propagating wave coming from outside, we invoke 
It is worth noting that, as seen from their definitions, the above reflectivities include the propagation phase.
As a case study, we take the specific coupling coefficients h 1 =0.0072+0.0108i and h 2 =0.0601 of a quarter-duty-cycle Hankel-phased rectangular grating from previous work [31] . The two reflectivities (4) and (5) in the cases where the normalized grating length (βΔρ) is 100 are analyzed. Their amplitudes |r 1 (100)| and |r 2 (x 0 ,x 0 +100)| are plotted in Fig. 3 with different gain levels. For the passive case (g A =0), there exists a high reflection region at the center (-0.06 <δ<0.06), corresponding to the band gap of the Bragg gratings. As the gain (g A ) increases, both |r 1 | and |r 2 | grow and exceed unity first at one bandgap edge. Further increases in gain result in the existence of more lobes with peak value greater than unity. Additionally, both |r 1 | and |r 2 | are asymmetric with respect to δ =0. The fringes with positive δ have more pronounced oscillations than those with negative δ . This mode selection is attributed to the involvement of vertical radiation coupling. Similar to the case of a linear second-order Bragg grating, the radiation fields coupled out from the outward and inward in-plane cylindrical waves interfere constructively at one bandgap edge and destructively at the other. The destructive interference of radiation fields at one of the bandgap edges is the mode selection mechanism [33] . Engineering of this modal selection method is key to designing high-efficiency single-mode ring Bragg resonator lasers [32] .
Resonance conditions for circular DFB, disk-, and ring-Bragg resonator lasers
Utilizing the reflectivities for different boundary conditions, it is possible to derive the resonance conditions for each circular grating laser configuration.
In circular DFB lasers, the limiting cases r 1 (x b )→∞ or r 2 (0,x b )=1 lead to 
The resonance condition of ring Bragg resonator lasers is
Though in much simpler forms, the above resonance conditions are essentially the same as those characteristic equations derived in Refs. [31] and [32] . The foundation for validity of the "resonance condition theory" is the continuity of the amplitudes of the cylindrical waves at the interfaces. The in-plane electric field is expressed as = hold at any interface x 0 . They adequately guarantee the continuity of the in-plane electric field and its first derivative, which are the only requirements for matching the fields at the interfaces in deriving the characteristic equations. The restrictions at the center and exterior boundary are automatically satisfied by choosing proper reflectivities. Therefore, using the resonance condition theory, we simplify and unify the derivation of threshold conditions for the family of circular grating coupled surface emitting lasers. To compare the modal properties of the circular DFB, disk-, and ring-Bragg resonator lasers, we adopt a typical device size for such lasers with an exterior boundary radius [23] . For the disk Bragg resonator laser, the inner disk radius is set to be x 0 =x b /2=100. For the ring Bragg resonator laser, the annular defect is assumed to be located at the middle x b /2, with its width being a wavelength of the cylindrical waves therein, so that x L +x R =x b =200, x R -x L =2π. Introducing all these parameters, along with the coupling coefficients h 1 and h 2 , into each resonance condition (6), (7) , and (8) produces information about the modes of each structure. The results for the 5 lowest-order modes are listed in Table 1 .
The following is a comparison of the modal properties of the three laser structures. All 5 modes of the circular DFB laser are in-band modes on one side of the band gap. This is due to the aforementioned radiation-coupling-induced mode selection mechanism. Increased gain results in the excitation of higher-order modes. All the displayed modes of the disk Bragg resonator laser are confined to the center disk with negligible peripheral power leakage and thus possess very low thresholds and very small modal volumes. The modes of the ring Bragg resonator laser, with the exception of the lowest-order defect mode, all resemble their counterparts in the circular DFB case. The defect mode has a larger threshold gain than the first mode of the circular DFB device, however it possesses a much higher emission efficiency as will be subsequently shown.
Single mode range, quality factor, emission efficiency, and modal area for circular DFB, disk-, and ring-Bragg resonator lasers
Single mode range
Generally, larger devices with longer radial Bragg gratings are able to achieve lower threshold gain levels though these devices suffer from smaller modal discrimination. There exists a range of the exterior boundary radius x b values for which single mode operation in each laser configuration can be achieved. This range is referred to as the "single mode range." Similar to the prior calculations with a fixed x b , once again, for the disk Bragg resonator lasers, the inner disk radius is set to be x 0 =x b /2, while for the ring Bragg resonator lasers, the annular defect is assumed to be located at the middle x b /2, with the width being a cylindrical wavelength 
Quality factor
The quality factor Q for optical resonators is usually defined as P ωE where ω denotes the radian resonance frequency, E the total energy stored in the resonator, and P the power loss. The quality factor is a measure of the speed with which a resonator dissipates its energy. In Ring Bragg resonator lasers 1st mode 2nd mode 3rd mode 4th mode 5th mode the circular grating lasers investigated here, the power loss P has two contributions: vertical radiation coupled out of the resonator due to the first-order Bragg diffraction, and peripheral leakage due to the finite radial length of the Bragg reflector.
Jebali et al. recently developed an analytical formalism to calculate the Q factor for firstorder circular grating resonators in a 2D configuration [34] . Due to the 2D aspect of their model, only in-plane peripheral leakage was considered as the source of power loss. Here we study a 3D case and include vertical radiation in the power loss. Nevertheless, we do not plan to derive an exact expression for Q. Rather, by considering that the energy stored in a volume is proportional to 
where Z(z) denotes the vertical mode profile for the layer structure and D the thickness of the resonator. Due to the angular symmetry (for m=0 under consideration), the angular integration factors are canceled out. Detailed expressions for the in-plane field E and radiated field Δ E can be found in [31] . To within a scaling factor, the unnormalized quality factor Q′ is essentially the same as the usually defined Q, however it is more intuitive and convenient for calculational purposes. The results of our calculations for the unnormalized quality factor for each laser configuration are displayed in Fig. 5 . As expected, increases in the device size (x b ) resulted in an enhanced Q′ value. Additionally, the disk Bragg resonator lasers exhibited a much higher Q′ than the other laser structures of identical dimensions. As an example, for x b =100, the Q′ value of the disk Bragg resonator device is approximately 3 times greater than that of the circular DFB or ring Bragg resonator structures. This is in agreement with their lower-threshold behavior shown in Table 1 . 
Emission efficiency
It is natural to define the emission efficiency η as the fraction of the total power loss which is represented by the useful vertical radiation. Figure 6 with a larger device size. Comparing devices of identical dimensions, only the diskand ring-Bragg resonator lasers achieve high emission efficiencies. This is a result of the first lasing modes of these structures being bandgap modes while the first lasing mode of the circular DFB laser is a bandgap-edge (in-band) mode. Bandgap modes experience much stronger reflection from the Bragg gratings, yielding less peripheral power leakage than inband modes. 
Modal area
Based on the usual definition of modal volume [27] , we define an effective modal area as x π ) is also plotted. The modal area of the disk Bragg resonator lasers was found to be at least one order of magnitude lower than those of the circular DFB and ring Bragg resonator lasers. This is not surprising and can be inferred from their unique modal profiles listed in Table 1 . Furthermore, our previous work has demonstrated single-mode lasing with ultrasmall modal volume in a nanosized disk Bragg resonator in InGaAsP quantum well active membrane [24] . Clearly, a disk configuration is preferable in ultracompact laser design. Alternatively, ring Bragg resonator lasers have a large modal area with high emission efficiency, rendering them suitable for high-efficiency, high-power, large-area laser applications. Figure 7 illustrates a turning point for ring Bragg resonator lasers at x b =113 beyond which the curve becomes oscillatory. This is due to the switching of the maximal value of |E| in the denominator of eff mode A . Figure 8 shows that for x b <113 the field at the center dominates, while for x b >113 the field at the defect dominates. The oscillation of the peak value at the defect (as x b varies) reflects on the results of the modal area. Circular DFB and disk Bragg resonator lasers do not exhibit this behavior because the maximal |E| of these structures is always located at the center. 
Summary
A unified theory for solving and comparing modal properties of surface-emitting chirped circular grating lasers was developed and presented. First, the two types of reflectivities were obtained from the chirped circular gratings under two typical boundary conditions. The asymmetry in the spectra of the reflectivites shows evidence of modal selection due to the involvement of the vertical radiation. Deriving the resonance conditions, the threshold gains and frequency detuning factors of three types of circular grating lasers -circular DFB, disk-, and ring-Bragg resonator lasers, were acquired. This resonance condition theory agrees with previous published results based on characteristic equations. The single mode range, quality factor, emission efficiency, and modal area of these circular grating lasers were studied. A comparison of these metrics concluded that disk Bragg resonator lasers are most useful in low-threshold, high-efficiency, ultracompact laser design, while ring Bragg resonator lasers are excellent candidates for high-efficiency, high-power, large-area lasers.
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